Abstract. We show that some very naturally occurring energy manifolds that are induced by second-order Lagrangians L = L (u, u , u ) are not, in general, of contact type in (R 4 , ω). We also comment on the more general question whether there exist any contact forms on these energy manifolds for which the associated Reeb vector field coincides with the Hamiltonian vector field.
Introduction
This paper was motivated by the question 'are the level sets of the Hamiltonian H : R 4 → R associated to the variational problem
of contact type? ' . If the highest-order term (u ) 2 is removed, then the resulting variational problem is the standard 'T − V ' Lagrangian from classical mechanics, whose associated Hamiltonians are well known to have level sets of contact type.
When the (u ) 2 term is present it turns out that the level sets M of the associated Hamiltonian H : R 4 → R are only of contact type for certain values of the parameter α. We construct here very simple explicit examples of functions F : R → R for which H −1 (0) is not of contact type for a large range of parameter values α (see §8.4).
Before stating our results we recall some definitions. In §3.1 this procedure is explained in more detail for general higher-order Lagrangians. See also [1] . Due to the p u v term in the definition of the Hamiltonian (3), the energy manifolds M = H −1 (0) are always non-compact †. The particular question we shall be concerned with is whether or not the zero energy manifold M is of contact type in general. The following result identifies a large class of second-order Lagrangians for this is indeed the case. This holds in much greater generality for Hamiltonian systems coming from variational problems of the type δ L (u, u , . . . , u (n) ) dt = 0, where the 'Lagrangian' L is strictly positive. See §3.1 for the proof.
We continue now with a special class of Lagrangians which are not necessarily positive, and we show that among these there are Lagrangians for which M is not of contact type.
The Swift-Hohenberg and extended Fisher Kolmogorov (eFK) models. As a special case, one considers Lagrangians of the form
The associated Hamiltonian is then given by H (x) = p u v + For various different choices of the 'potential' F (u) and parameter α, this equation is known in the mathematical physics literature as the extended Fisher Kolmogorov (eFK) or Swift-Hohenberg equation. See [9, 17] , [4, Introduction] and the references given there.
Clearly, if the potential F is positive and the parameter α ≥ 0, then Theorem 1.1 implies that M is of contact type. However, for potentials that are not strictly positive, or for negative values of the parameter α, the question becomes more delicate, and the geometry and topology of M will come into play. The next three theorems summarize cases where M is again of contact type, but L is not necessarily strictly positive. 
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The proof is given in §4. In §5 we recall that for certain choices of F the flow on M admits a global Poincaré section. This additional structure also allows one to construct contact forms compatible with ω, and is useful for the study of periodic orbits of X H on M. Poincaré sections can be found in much more general settings for second-order Lagrangians. In this theorem we chose to restrict the details to the Swift-Hohenberg and eFK models for simplicity. See §5 and [3] for a more detailed account on this subject.
Here a non-autonomous planar Hamiltonian system refers to the case in which M =
Such a system is not necessarily of contact type as we show by an example in §5.3. The following is therefore not an immediate corollary of Theorem 1.3.
1.4. Non-contact type energy manifolds. So far we have only given sufficient conditions for M to be of contact type. These conditions do not cover all cases, in particular the situation in which F (u) changes sign and α < 0 is not covered. In §8.4 we show that the energy manifold M is not, in fact, always of contact type in (R 4 , ω). THEOREM 1.5. There exists a potential F : R → R and an α * < 0 such that for all α < α * the energy manifold M is not of contact type.
In §8.4 we describe for which shapes of F the above theorem holds. This leads to a very large class of non-contact type energy manifolds. The problem of finding energy manifold which are not of contact type has been approached from a different perspective in [5] .
All of this leaves us with a few unanswered questions of which we mention two. 
QUESTION 1. For the Swift-Hohenberg equation with
to be stationary. If X is any vector field along γ , then the variation of the action by X is
Hence, the action will be stationary at γ if and only if i γ (t ) dθ = 0 holds. See [2] . We will call the one-form θ non-degenerate if dθ has maximal rank everywhere. If θ is non-degenerate then
is one dimensional for all p ∈ M and thus defines a linebundle (direction field) on M.
In this case, the stationary curves for A(γ ) are precisely the integral curves for the line bundle L. The non-degeneracy condition for θ is the analog for the variational problem δ γ θ = 0 of the Legendre-Hadamard condition from the calculus of variations. If the manifold M is oriented then L has a nowhere vanishing section †. We will call any positively oriented section of the line bundle L a pseudo-Reeb vector field for the oneform θ . Critical points of the action A(γ ) are then closed orbits of any pseudo-Reeb vector field for θ .
If the form θ is a contact form, i.e. if θ ∧ (dθ ) n−1 = 0 everywhere, then dθ clearly has maximal rank everywhere, so contact forms are non-degenerate. For a contact form θ there is a chosen section X of L, defined by i X θ ≡ 1. This pseudo-Reeb vector field is called the Reeb vector field of θ . Conversely, if θ is non-degenerate and if there is a pseudo-Reeb vector field X such that i X θ > 0, then θ is a contact form.
For Hamiltonian systems in R 2n , i.e. if M = H −1 (0) with 0 a regular value of H , the form θ 0 = p · dq is non-degenerate, and the Hamiltonian vector field X H is a pseudo-Reeb vector field for θ 0 on M.
The energy surface M will be of contact type if one can find a closed form β on M such that θ 0 + β is a contact form. The Reeb vector field for θ 0 + β is then a multiple of the Hamiltonian vector field X H . The more general question that can be asked is: 'Does there exist any contact form θ , such that the Hamiltonian vector field X H is a pseudo-Reeb vector field for θ ?' This question leaves more freedom in choosing θ since the condition dθ = −j * (ω) is omitted.
Although we do not give any positive or negative results on the more general question, the following observations seem to indicate that the situation in which a Hamiltonian vector field X H is a Reeb vector field for a contact form λ with dλ = cj * ω, for any constant c = 0, is unusual. Proof. Since both i X H j * ω = 0 and i X H dλ = 0 we have ker j * ω = ker dλ. Let ker j * ω = span(X), and write
Since fj * ω = dλ is closed it follows that df ∧ j * ω = 0 and, thus,
One also has, using L X λ = 0 and
Since L X Y belongs both to ker λ and to ker dλ, we have L X Y = 0 and, hence, X and Y commute. If Y = 0 at some p ∈ M, then at that point one has i Y dλ = df = 0 and i X dλ = 0, so that X and Y cannot be linearly dependent at p. 2
It is well known that a second integral of the motion can severely restrict the possible dynamics of X H on M. For instance, any periodic orbit of X on which Y = 0 must appear in a family of periodic orbits of X. Also, for n = 2 if f : M → R has a compact regular level surface S = f −1 (c), then this must be a 2-torus, and the flow of X H will be the standard linear flow. By the implicit function theorem the same will apply to S = f −1 (c ) for c close to c, so that an open subset of M is foliated by invariant tori with linear flow.
A typical Poincaré plot (see Figure 1 ) for the Swift-Hohenberg equation shows none of these phenomena, suggesting that, generally, X H will only be a pseudo-Reeb vector field for one particular form λ. whose 'Lagrangian' L = L(u 0 , u 1 , . . . , u n ) is strictly convex in the highest derivative u n , can be transformed to a Hamiltonian system on the cotangent bundle of the space J n−1 of (n − 1)-jets of functions u : R → R. Alternatively, one writes u 0 , . . . , u n for the first n derivatives of u and introduces variables p 0 , . . . , p n−1 , where the last is related to u 0 , . . . , u n by
due to the assumption that ∂ 2 u n L > 0. One then defines the Legendre transform by
and the 'Hamiltonian' by
The Hamilton equations for H give the extremals for (6).
LEMMA 3.1. If one defines M to be the zero energy manifold
H −1 (0) ⊂ R 2n of H ,
and if the Lagrangian L is strictly positive, then M is of contact type with the standard contact
Proof. Let p n−1 and u n be related by (7), then
and L + L * = p n−1 u n . One has i X H θ 0 = p 0 u 0 + · · · + p n−1 u n−1 , and from the Euler-Lagrange-Poisson equations one finds that u i = u i+1 for i < n − 1 and u n−1 = ∂L * /∂p n−1 = u n . Therefore, 30
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Since H = 0 on M we find i X H (θ 0 ) = L > 0 on M, so that θ 0 is a contact form on M, whose Reeb vector field coincides with X H . 2
This lemma, when applied to second-order Lagrangians, proves Theorem 1.1.
A necessary condition for contact type.
In [20] , Weinstein gave an example of a compact hypersurface which is not of contact type, together with a general necessary condition for a compact hypersurface with H 1 (M; R) = 0 to be of contact type. See also [11] . From these sources we may distill the following variation on Weinstein's criterion. Let M = H −1 (0) be an energy manifold of a Hamiltonian system on (R 2n , ω), with ω the standard symplectic form †. If θ were a contact form, then both actions γ i θ would have the same sign, and hence both integrals γ i θ 0 would also have the same sign, a contradiction. 2
3.3.
Fixing almost contact forms. In [11] , Hofer and Zehnder show that all energy manifolds of any classical mechanical system on R 2n with Hamiltonian H (q, p) = 1 2 |p| 2 + V (q) are of contact type. They do this by first observing that the canonical form satisfies i X θ 0 ≥ 0 and then perturbing the form θ 0 to achieve strict inequality. If one replaces the explicit perturbation in [11] by something more abstract, one arrives at the following result ‡.
for all p ∈ S, there exists t − < 0 < t + : t ± (p) ∈ S. † As the referee has pointed out to us, McDuff [15, Theorem 5.2], using the ideas of Sullivan [18] , has proved a necessary and sufficient condition for compact odd-dimensional manifold with a non-degenerate exact two-form dα to be of contact type. In the compact case, it is a refinement of our Lemma 3.2. For the concrete non-compact examples we are dealing, with it does not seem obvious to us how one would use the extra information contained in McDuff's theorem.
‡ As observed by the referee, this lemma is closely related to a theorem of Sullivan [18] , a self-contained account of which is given in [14] .
Then there exists a smooth function f : M → R such that λ * = λ + df is a contact form on M for all ∈ (0, 1), and for which X is a pseudo-Reeb vector field (i X dλ * = 0).
Proof. For any given p ∈ S we choose a parameterized 2n−2 ball σ 0 : B 2n−2 → M which is transverse to the vector field X.
is a local diffeomorphism which straightens the flow, i.e. it maps lines parallel to the x 0 axis to flow lines of the vector field X, and it maps ∂/∂x 0 to X. It is a diffeomorphism on
Since t ± (p) does not belong to the closed set S, one can choose r > 0 so small that
. We also choose r so small that t − + r < 0 < t + − r. Now let 0 ≤ η ∈ C ∞ (R) satisfy η(x 0 ) = 0 for x 0 ≤ t − and x 0 ≥ t + , as well as η(x 0 ) = 1 for x 0 ∈ [t − + r, t + − r]. In addition we pick a 0 ≤ ζ ∈ C ∞ (R 2n−2 ), which is supported in B 2n−2 r , and with
one now easily verifies that i X df ≥ 0 on S, and i X df > 0 at p and by continuity in a neighborhood N p of p. One also sees that
), i.e. i X df < 0 outside of some neighborhood of S. Let {p k } k∈N be a sequence of points for which the neighborhoods N p i cover S. Denote the functions obtained by the above construction by f k . Then for each k ∈ N the quantity
is finite, since i X df k > 0 on a neighborhood of S. We define
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This series converges in C ∞ . Its sum satisfies i X dF > 0 on S and 
for which λ * = λ + df is a contact form and for which X is a pseudo-Reeb vector field (i X dλ * = 0).
is in the interior of K i+1 and i∈N K i = M. By induction we will construct a sequence of
and
The functions f j with j ≥ i + 1 then all vanish on K i , so that f = d i∈N f i is well-defined, and λ * = λ + df is a contact form.
Let f 0 , . . . , f i be constructed, so that λ i is a contact form on
, as if it was, then the closure of p would be a compact invariant set containing points outside of K = K 0 , thereby contradicting our assumption that K is the largest compact invariant set. Hence, for some t + = 0 one has t + (p) ∈ K i+1 . Without loss of generality, we assume that t + > 0. It is also impossible for the half-orbit
If this were to happen, then the α-limit of − p would be a compact invariant subset of the flow outside of K 0 . Thus, a t − < 0 exists with
We straighten the flow in a neighborhood of the orbit segment [t − ,t + ] (p). To this end choose a smooth immersion σ : R 2n−2 → M with σ (0) = p and which meets the orbit p transversally at this point. Then let φ : [t − , t + ] × R 2n−2 → M be given by
For sufficiently small r > 0, this map is a diffeomorphism from 
Proof of Theorem 1.2
We try one-forms of the form
If (β 1 −β 2 +1)L+β 1 uL u +β 2 vL v +(−β 1 +2β 2 )wL w ≥ 0, for some constants β 1 and β 2 , then we see that i X λ ≥ 0 everywhere. This generalizes the calculation of §3.1, where
for all (u, v, w) , implies that λ is a contact form and that M is of contact type. We will apply this more general criterion now to the Lagrangians defined by (4). Taking β 1 = 0 and β 2 = 1, it follows that 2wL w + vL v = 2w 2 + αv 2 ≥ 0 for all α ≥ 0. In order to find a contact form we need to examine the zero set {p ∈ M | i X H λ(p) = 0} and apply Lemma 3.3. 
At (u, 0, 0, 0) we have p v = −F u (u) = 0 and it follows again that orbits of the flow through (u, 0, 0, 0) leave S immediately in both time directions. By Lemma 3.3, we see that M is of contact type, and that one can take λ + df to be the contact form, for some f ∈ C ∞ (M) and any ∈ (0, 1). If α = 0, then the set S is larger,
On S one has p v = −p u so that all orbits through points on S with p u = 0 leave S in forward and backward time. Points on S with p u = 0 are of the form (ū, v, 0, 0) with F (ū) = 0. Since F only has simple zeroes, this implies that p u = F u (ū) = 0, so that trajectories through (ū, v, 0, 0) also leave S in forward and backward time. Again we can apply Lemma 3.3 and conclude that M is of contact type, concluding the proof of Theorem 1.2.
When there is a global Poincaré section
Poincaré sections and contact forms. A surface
it is a closed subset of M, (ii) the Hamiltonian vector field is transverse to , and (iii) for every p ∈ M there exist t − < 0 < t + such that t ± (p) ∈ (here t denotes the Hamiltonian flow on M as defined before). Proof. The form dt on B is closed (but not exact, since t ∈ R/Z is multi-valued). Let β be the pushforward of dt under the diffeomorphism ψ : B → M. From
(t,T (p)) (p))
† Here θ 0 is the standard Liouville form with dθ 0 = ω 0 . As the referee pointed out, a compact M ⊂ R 2n cannot have a global section , otherwise the symplectic form ω = −dθ 0 restricted to would be both non-degenerate and exact.
it follows that i X H β = τ t (t, T (p)) −1 > 0 holds at τ (t,T (p)) (p).
Since the set where i X H (θ 0 ) ≤ 0 is compact, i X H θ 0 is bounded from below on M. For sufficiently large k ∈ R one then has i X H (θ 0 + kβ) > 0 everywhere, so that θ 0 + kβ is a contact form for M.
2
It is clear from the proof that one can get away with less than compactness of the set {i X H θ 0 ≤ 0}. Instead, it suffices to verify that
τ t (t, T (p)) · i X H (θ 0 )| τ (t,T (p)) (p) ≥ −δ
holds for some positive constant δ independent of (p, t) ∈ × [0, 1].
Representation by planar Hamiltonian systems. A planar Hamiltonian system is a system defined by a smooth Hamiltonian H (p, q, t) on R 2 × (R/Z). Its orbits satisfy the variational problem δ p dq − H (p, q, t) dt
= 0, i.e. they satisfy δ θ = 0, where θ is the one-form θ = p dq − H dt. We continue the discussion of §5.1, assuming from here on that the section is diffeomorphic to R 2 .
Any isotopy { s : → } 0≤s≤1 of the identity 0 = id to the return map = 1 induces a diffeomorphism of B (and, hence, M) with × (R/Z). By reparameterizing the s variable we may assume that s (p) does not depend on s for 0 ≤ s ≤ 
(p, t) = ( t (p), t) then induces a diffeomorphism from × (R/Z) to B.
Since any orientation preserving diffeomorphism : R 2 → R 2 is isotopic to the identity it follows that M is diffeomorphic with R 2 × (R/Z). (To find an isotopy of to the identity first translate so that the origin becomes a fixed point and then consider s (p) = s −1 (sp); this is an isotopy of to a linear map, namely D (0); finally, all orientation preserving linear maps are isotopic.)
Because the Hamiltonian vector field is transverse to the two-form dθ 0 restricted to is nondegenerate. x = x(u, v, t) = √ 2I cos 2πφ and y = y(u, v, t) = √ 2I sin 2πφ, the pullback of dθ 0 to R 2 × {t} is dx ∧ dy. On the entire manifold R 2 × (R/Z) one therefore has 
Example of a planar Hamiltonian system which is not of contact type.
As pointed out at the beginning of this section, for non-compact Poincaré sections , a contact form is not immediately found without certain additional requirements.
Consider an autonomous Hamiltonian of the form H (p, q, t) = h(I )
where I = Then the periodic orbits in M of the Hamiltonian system are exactly those periodic solutions ofq = H p ,ṗ = −H q , whose minimal period is a fraction m/n (after n oscillations the time variable increases by an integer m, and the (q, p) variables return to their original positions). In this section we only consider periodic solutions for which m = 1.
All solutions of the Hamiltonian system are given by
where the angular frequency is given by = h (I ). A solution has minimal period 1/n if h (I ) = 2πn. Introduce polar coordinates I = (q 2 +p 2 )/2, φ = arctan(p/q). Then along our periodic orbit the angle φ decreases by 2πn. Using that p dq = −I dφ + d(pq/2), we compute the action of such an orbit: M) is generated by dt) .
Although the energy manifold is not of contact type, the Hamiltonian vector field is a Reeb vector field (we are in the special situation that there is a (second) conservation law on M). We now construct a contact form µ whose Reeb vector field is a multiple of the vector field X H = ∂ t + H p ∂ q − H q ∂ p . Our Hamiltonian flow on R 2 × (R/Z) is determined by the one form λ = I dφ + h(I ) dt. If there is any other one-form µ which determines the same foliation, then for some function f (p, q, t) one has dλ = f (p, q, t) dµ (Lemma 2.1). This function f must be constant on orbits of X H , from which it is not hard to see that f must be a function of I alone. Thus, we assume dµ = f (I) dλ, i.e.
where
where I (J ) is the inverse of J (I ). We set
Thus, if we let J (I ) = 1 − e −I , and if we choose the constant −C sufficiently large, then µ will be a contact form with the same flow as X H , up to reparameterization.
5.4.
Additional remarks. The example we gave above has an additional integral (namely, I ) which allows us to write down a large class of one-forms with the same flows. A small non-autonomous perturbation of the Hamiltonian H = h(I ) + h 1 (I, φ, t) will, in general, destroy the integral I and make it impossible to find the form µ. It thus seems reasonable to conjecture that an arbitrary small perturbation of λ exists for whose flow is not that of a Reeb vector field on R 2 × (R/Z). The example is also different from the other classes of Hamiltonian systems we consider in that M is not embedded as a hypersurface of R 4 . However, it is easy to produce such an embedding. Namely, given any strictly positive h(I ), we consider the Hamiltonian function
on R 4 with symplectic form dq ∧ dp + dx ∧ dy. This Hamiltonian truly has a second integral, namely π(x 2 +y 2 ). Under the Hamiltonian vector field of H the x and y variables undergo harmonic oscillations with period 1. The zero energy surface 
Poincaré sections for second-order Lagrangians
Under this hypothesis the Legendre transform
is a strictly convex and proper function of p v , there are, for each u ∈ R, precisely two solutions
Hence, the set M∩{v = 0} consists of two smooth surfaces
Both ± are transverse slices for the flow since, e.g., on + one hasv = ∂L * /∂p v > 0.
To verify that + is a Poincaré section we must show that all orbits return to + in both time directions. We do this in the special case where
If we also assume that for large u the potential F (u) grows superquadratically (to be precise, F (u)/u 2 → ∞ as u → ±∞) all solutions oscillate, i.e. for any solution u(t) of the Euler-Lagrange-Poisson equations and any t 0 there exist t − < t 0 < t + at which the solution has local minima. Thus, any orbit of the Hamiltonian flow on M returns to both in forward and backward time. This has been shown in [16] for F (u) = 1 4 (1 − u 2 ) 2 and with a minor modification the proof can be generalized to superquadratic potentials.
So is a global Poincaré section for M and clearly is diffeomorphic with the plane, while dθ 0 = ∞. Therefore, the Hamiltonian flow on M is conjugate to a planar Hamiltonian system, as was explained in Proposition 5.1.
Assuming also that α < 0 we can find an explicit diffeomorphism from M to a planar Hamiltonian system. Write α = −a 2 and define
Thus, ϕ is a smooth function on the universal cover of M. A short calculation reveals that
so that the canonical form on M is given by
The Hamiltonian as a function of (u, p u , I, ϕ) is H = aI + p u √ 2I/a cos ϕ − F (u). On its zeroset, one therefore has
The trajectories of the Hamiltonian vector field on M are determined by the 'principle of least action' [2, §45C] δ θ 0 = 0, i.e. by δ p u du − I (u, p u , ϕ) dϕ = 0, where we regard I as the smooth function of (u, p u , ϕ) specified in (9) . Consequently they are integral curves of the Hamilton equations of I (u, p u , ϕ), i.e.
Proof of Theorem 1.4.
We claim that for some M < ∞ any bounded solution u(t) of the Euler-Poisson equations is actually bounded by |u(t)| ≤ M. This then immediately implies that |u − αu | ≤ M and, hence, using an interpolation inequality, that all derivatives u (j ) of order j ≤ 4 are also uniformly bounded. It follows that the Hamiltonian flow on the level set M has a largest compact invariant set K ⊂ M. Although this may be well known to some, let us prove our claim. Multiply the equation with u(t) and h(t) = (1 + (t − a) 2 ) −1 (a ∈ R), and integrate by parts to get
Use |h |, |h | ≤ Ch and also uu
The superlinearity of F (u) implies uF (u) − C u 2 ≥ u 2 − C . One gets h(u 2 + (u ) 2 ) dt ≤ C independent of u and a. This leads to the asserted L ∞ -bound.
Using the Poincaré section for the flow as in the proof of Lemma 5.1, we obtain a closed one-form β on M with i X β > 0 everywhere. Since K is compact i X θ 0 is bounded from below on K by some positive constant. We can therefore choose k > 0 large enough so that i X (θ 0 + kβ) > 0 on K. Lemma 3.4 then provides us with a smooth function f on M for which θ 0 + kβ + df is a contact form.
7.
Topology of M Instead of analysing the topology of energy manifolds of second-order Lagrangians in general, we restrict ourselves here to the Swift-Hohenberg and eFK Lagrangians. In this case, an energy manifold is given by the equation
By rewriting this as
and introducing the new coordinates
we see that M is given by 
is an S 1 and each π −1 ( j ) is an S 2 one finds that M has the homotopy type of a bouquet of k circles and k − 1 two-spheres. The first singular homology group is generated by the π −1 j , the second homology group is generated by π −1 ( j ).
For instance, when k = 1, one finds that M has the homotopy type of a circle. In this case one actually finds that M is diffeomorphic with 
Rescale time by t → √ t, and set α = −1/ . This yields a more convenient formulation. The Lagrangian now becomes
in which is a small positive constant. The variational equation for this Lagrangian is
As 0, (12) formally reduces to a second-order equation
We will verify that for small enough solutions of (12) are essentially solutions of the second-order equation (13), with a small rapid oscillation superimposed. This will allow us to construct many periodic orbits on the corresponding zero-energy manifold M and compute their actions. We again pass to the Hamiltonian formulation of (12) and introduce new variables p u and p v , where now The Hamiltonian equations arė
We will consider solutions which lie on the zero energy manifold M = H −1 (0). In particular, we will assume is small and that both sides in the identity
which defines M are bounded. Then V and p V are of order √ , and the Hamiltonian equations are approximately given by two uncoupled two-dimensional systems,
The first of these is the Hamiltonian system corresponding to the second order ODE (13) . The second is a simple harmonic oscillator with angular frequency −1 . If we assume that
then the zero total energy condition (16) forces (U, p U ) to be a solution of (17) with
Since √ 2I is the amplitude of the (V , p V ) oscillation we must always have I ≥ 0. Formally, one would expect solutions of the Swift-Hohenberg equation (12) to be approximated by
where (U (t), p U (t)) is a solution of (17) with energy I ≥ 0, and γ ∈ [0, 2π) is some phase angle.
Action angle variables. We replace (V , p V ) by new coordinates (I, φ) given by
It follows that dU ∧ dp U + dV ∧ dp V = dU ∧ dp U + dI ∧ dφ, so that (U, p U , I, φ) are symplectic coordinates. The Hamiltonian H appears in these variables as 
where the O( 2 ) terms are smooth functions of (U, p U , τ/ ) and all terms are 2π-periodic in τ/ = φ. Denote the flow determined by these ODEs by τ . Since the perturbation terms in (24) are uniformly smooth in (U, p U ) the flow τ is an O( ) perturbation of τ in the C ∞ topology †. Here τ 0 is the flow corresponding to the autonomous equations dU dτ = p U , dp U dτ = −F (U ).
These are the Hamiltonian equations for H 0 = 1 2 p 2 U + F (U), and thus periodic orbits of (25) come in families parameterized by their energy E = H 0 (U, p U ). On any such family, the period T depends smoothly on the energy E. We shall call a periodic orbit non-degenerate if at this orbit one has dT /dE = 0.
Assume that (Ū(τ ),p U (τ )) is a T periodic non-degenerate solution of (25). It traces out a closed curve γ in the (U, p U ) plane. This curve consists of fixed points for the map T 0 . The non-degeneracy condition implies that for small > 0, the map T will have at least one fixed point in an neighborhood of γ . In general, there will be many fixed points. If T = 2Nπ for some N ∈ N then these fixed points correspond to periodic solutions of (24) Thus, we have proved that near any non-degenerate T = 2πN periodic orbit (Ū,p U ) of (25) there is a T periodic solution of (24) whose action is within O( ) equal to the Lagrangian action of (Ū,p U ). 
For the special case of the harmonic oscillator, L = Proof. We construct the potential by perturbing F (u) = 1 2 u 2 . Let 0 ≤ f ∈ C ∞ (R) be supported in 1 < u < 2. Then, for small λ, the potential F λ (q) = F (u) − λf (u) has a periodic orbit u λ (t) which oscillates between −2 and 2 and, hence, has energy E = 2. The action S λ of this orbit satisfies For sufficiently small λ > 0 the amplitude 2 orbit of the potential F λ will have positive action. Since F λ coincides with the quadratic potential u 2 /2 in the interval |u| ≤ 1, the potential F λ still has an amplitude 1 orbit (u(t) = cos t) with zero action. We now perturb F λ to F λ,µ = F λ + µg(q), where 0 ≤ g ∈ C ∞ (R) is supported in |u| < 1. See Figure 6 .
